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I. Introduction 
It is a common situation in experimentation to have a number of contributing 
agents applied to each experimental unit and then make one observation from each 
experimental unit. Hhen a group of the contributing agents are elements of the 
same population, the treatment applied to the experimental Unit involves a mixture 
of elements from that "ell-defined population. A simple statistical design for 
mixtures 1-1ould be a design where all the contributing agents being considered are 
elements of one population. 
The general class of simple statistical designs for mixtures, as defined above, 
is unmanageably large when 1 t comes to considering general models and good char-
acteristics for treatment designs. Three subclasses recommend themselves immedi-
ately. vlhen the amount of a contributing agent applied to an experimental unit is 
allowed to vary over a continuum, some sort of regression model is appropriate. 
When the amount of a contributing agent applied to an experimental unit has fixed, e 
discrete levels and any level of one agent may occur with any combination of levels 
of the other agents in the population of contributing agents, the arrangement is a 
factorial one. A third possibility is that a fixed size contribution from the 
population of contributing agents is to be applied, and if k contributing agents 
are applied to an experimental unit an equal proportion of the total contribution 
uill come from each agent. 
The subclass of the general class of statistical designs for mixtures which 
calls for a regression model has been studied eA~ensively as part of response 
surface methodology (see Cornell, 19'(3 and Mead and Pike, 1975). The subclass of 
the general design vThich involves factorial arrangements is also uell presented in 
existing literature (see Yates, 1937, and Federer and Balaam, 1972). The third 
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subclass has been considered in medical and genetic research and has been con-
sidered as potentially generalizable and applicable in a wide range of scientific 
fields (see Federer, 19'""(5, and Federer and Hall, 19'(5). 
In the field of genetics it is necessary, in general, to speak of mixtures of 
size tr1o. The biologist looking at any animal or pl.ant which reproduces sexually 
must look at offspring as the product of a genetic mixture of the tr1o parents. 
Thus, the offspring is the experimental unit ,.,ith the parents as the contribJJ,ting 
agents being applied. Moving into other fields, where nature allows more than two 
agents to contribute to one experimental unit, the oodel from genetics must be 
generalized. 
The concepts to be borro11ed from genetics and generalized to fit a more 
general roodel are the concepts of general combining ability and specific combining 
ability (see Henderson, 1952, and KeJli>thorne, 195'{). 
11By general combining ability we mean the average merit with respect to some 
trait or vJeighted combination of traits of an indefinitely large number of progeny 
of an individual or line i-lhen mated v1ith a random sample from some specified popu-
lation. 11 
11General combining ability has no meaning unless its value is considered in 
relationship to at least one other individual or line and unless the tester popu-
lation and the environment are specified." 
"We shall define specific combining ability as the· deviation of the average 
of an indefinitely large number of progeny of two individuals or lines from the 
values which would be expected on the basis of the known general combining abilities 
of these t1vo lines or individuals ••• 1t .,~ 
• 
~~ C. R. Henderson, 11Specific and General Combining Ability", in Heterosis, J. W. 
Gowen, ed., 1952, p. 352. 
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In order to distingri~sh between the combining abilities already defined for 
genetics and the genera!:i.zations Of these concepts to- be dealt i·Tith by this paper, 
the generalization of effect due to general combining ability will be called 
general mixing effect andc·the generalizations of effect due to specific combining 
ability llill be called specif'ic mixing effects .. 
In chemistry, a mathematical model for explaining biological response data 
has been proposed which involves a term comparable to the general combining ability 
tern in genetics m6dels (see Free and Wilson, 1964). Several organic compounds 
which differ from each other due to having different substituents at a number of 
locations in the molecule are tested to yield biological response. The model for 
the observed response of a specific compound is the mean of all compounds in the 
population of potential compounds plus an effect attributable to each of the sub-
stituents uhich is at a location in the molecule where the population contains at 
least one molecule with a different substituent at that location. The effect 4lt 
ivhich is due to the substituent at a location where the substituent is allowed to 
vary is comparable to the general combining ability in the genetic model. 
A simple example of a situation ivhere this model might be applied would be 
the consideration of the following molecule and the biological response when it is 
applied as an analgesic. Consider 0-t ~C6H5 
I 
NHCOCHR2 
l 
Rl 
R1 may be either H or CH3. R2 may be either N(cH3)2 or N(C2H5)2• The model for 
the response for a particular compound llOUld involve a term for the overall average 
response, a term for the contribution of the substituent at location R1, and a term 
for the contribution of the substituent at location R2• 
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In agriculture there has been interest in growing mixtures involving lines of 
M. sativa, Trifolium pratense, Sojamax, ~ sativa, and other cult~vars. To test 
for th~ beneficial or detrimental effects of using mixtures as compared with using 
solid seeding of a single strain of cultivar, a model.based on general and specific 
. .. ' .. L 
mixing effects has been proposed (Federer, 1975). A model for the yie~ ~r-a field 
which has been planted with a mixture of se~ds has been proposed, containing com-
ponents defined as general mixing effects and specific mixing effects. TO general-
ize this model is the first aim of this paper. 
The foundations for the work in this paper are laid in section two. Defi-
nitions, notation, and concepts are presented. In section th~e;a general model is 
proposed for mixing designs for uhich regression models and factorial models are 
inappropriate. Parameters, constraints on the parameters, and estimability are 
discussed. 
The general model is too general for most practical situations. In section 
four several situations when the model might be simplified are discussed. Section 
five is the consideration of a specific class of simplified mOdels and minimal 
treatment designs for estimating all parameters. Theory from balanced incomplete 
block designs (BIB's) is used. An example from the class of models considered in 
section five is presented in section six. The last section is an appendix contain-
ing some minimal treatment designs. 
II. Foundations 
II .1. Concepts 
The experimental situation of interest involves objects (i.e., fields, animals, 
chemical compounds, etc.) subjected to several agents (i.e., varieties of crops, 
drugs, radicals, etc.), all of which make some cohtribution to the observed value 
for each object (i.e., yield, weight, rate of reaction, etc.). If an object is 
subjected to a particular agent, the amount of that agent applied to that object 
is a function of n, the number of different agents applied to the object in ques-
tion. 
Two functions of the number of agents applied should be mentioned as the most 
likely to be encountered. It the total amount of treatment applied to each object 
is to be held constant, then the amount of an agent to be applied will be such 
that all agents applied contribute equally. The amount of an agent applied when 
there are m agents applied to the object is m-l times the total amount of treat-
ment. The other situation is when the amount of an agent to be applied is a con-
stant fUnction of the number of agents applied. This is the case when each agent 
may either be applied at only one level or not applied at all. 
The genetic arrangement described in the introduction is a situation where 
the amount of agent applied rust be constant. The number of agents (parents) 
applied to a particular object (progeny) must be constant at two. In the chemical 
arrangement, as described in the introduction, the number of agents applied to a 
particular object must be held constant throughout the experiment. In the specific 
chemical example mentioned, two is the number of agents to be applied, so the model 
is the same as the model in the genetics arrangement. 
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In the agricultural example, the amount of a cultivar variety to be applied 
to a field is a non-constant function of n because the total amount of seed planted 
shquld b_e held constant~ This means that if n = 4, each variety applied to a field .~:, \:,~.~ . 
wil~ make up one-fourth of the total application. If n = 2, each variety applied 
t •..• 
'"il~ ~e):lP one-half of the total application. Each level of n considered, adds 
anothe~. ~vel to each of the varieties. Since, for all varieties the level applied 
is a func~ion of the number of varieties applied, not all combinations of levels 
and varieties are possible. 
II.2. Definitions 
In genetic diallel cross models two agents, parents, contribute to each 
object, progeny. The simple model is eA."Plained by defining tuo effects, general 
combining ability and specific combining ability. When the number o~ agents 
allowed to act on an object is varied, the number of definitions necessary to 
explain the system multiplies at an increasing rate. 
If situations involving pure strains, the application of only one agent to 
each object, are considered in addition to applications of two or more agents, 
then we define a new factor and modify the geneticists' definitions. The effect 
of an agent llhen applied by itself should be a measure of the "pure" effect of 
that agent. Letting the terminology involving mixtures precede any mixing, mono-
specific mixing effect will be defined as this "pure" effect. The general effect 
of an agent when applied in mixtures of size two will be comprised of two com-
ponents. One will be the mono-specific mixing effect just definen. ~1e other 
component is a general effect due to having mixtures of size two instead of pure 
strains. (1)-General mixing effect will be defined as this general effect due to 
having mixtures of size two or greater. Bi-specific mixing effect is defined as 
..,'·\ 
the deviation of the mean effect of a specific pair of agents from the values which 
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would be· expected on the basis of the general effects; i.e.·, mono-specific mixing 
effects and general mixing effects. 
Now, consider the experimental situation when the arrangements of agents to be 
considered include the two above and mixtures of size three. The general effect of 
an agent l7hen three agents are applied will_ be composed of the mono-specific mixing 
effect, the (1)- general mixing effect, and a deviation from the sum of these two 
effects. (2)-General mixing effect will be defined as the deviation of the average 
effect of an agent in the presence of two other agents from the effect expected on 
the basis of the mono-specific mixing effect and the (1)- general mixing effect. 
Similarly, (1)- Bi-specific mixing effect will be defined as the deviation of the 
average effect due to the presence of a specific pair of agents with one other 
agent from the effect expected on the basis of the general effects of the two 
agents and the bi-specific mixing effect. Tri-specific mixing effect is defined as 
the deviation of the average effect of an application of a specific set of three ~ 
agents from the effect expected on the basis of all the effects previously defined. 
To generalize and extend these definitions, consider the experimental situation 
where mixtures of size k are to be applied in addition to all mixtures of size less 
than k. The k-general mixing effect of an agent is the deviation of the average 
effect of that agent when k agents are applied from the average effect of that 
agent when (k-1) agents are in a treatment. For r = 2, 3, • • •, k-1, the (k-r )-r-
specific mixing effect is the deviation of the average effect due to having a 
specific set of r agents among the k agents applied from the average effect which 
uou1d be expected based on knowledge of the average effects of the r different sets 
of r-1 agents which are subsets of the specific set of r agents and knowledge of 
the r-specific mixing effect, the (1)-r-specific mixing effect, the (2)-r-specific 
mixing effect, up to the (k-r+l)-r-specific mixing effect. The k-specific mixing 
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eftect is.defined as the deviation of the average effect of the particular mixture 
of k agents from the ef'fect which would be predicted based on knm1ledge of the 
average effects of the k different sets of k-1 agents which are subsets of the set 
of k agents which is under consideration. 
These definitions partition the effect due to treatment with a particular 
.. , 
mixture of k agents into components for the general. effect of each agent, the 
additional general effect of each pair of agents, the additional general effect of 
each triplet of agents, up to the additional general effect of the complete s~t of 
k agents. The general effect of each agent is further partitioned into mono-
specific mixing effect and (1) through (k-1)-general mixing effect. The additional 
general effect due to each pair of agents is partitioned into bi-specific mixing 
effects and (1) through (k-2)-bi-specific mixing effects. The additional general 
effect of each set of r agents for any value of r less than k is partitioned into 
r-specific mixing effects and (1) through (k-r)-r-specific mixing effects. 
II. 3. Notation 
The observation yielded by an object in the sample will be denoted Y(n)ij in 
the general case. ~ ' "· The n stands for the number of agents applied to the object. 
The i is the number of the replicate of the treatment which this object is. The 
.r. 
SUbscript j '·Till indicate Which Of the possible specifiC mlXtures Of size n has 
been applied to the object. Thus (n) and j specify the treatment of the object 
and 1 sp~cifies which replicate of that treatment. 
The number of agents applied in a treatment may have an effect independent of 
which agents are applied. To account for this, there will be a mean specific to 
the number of agents in a treatment. The mean for treatments containing n agents 
will be denoted ~(n)' 
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The effect of replicate i would be denoted pi. The common treatment of this 
effect ,.,ould be to assume it was· normally distributed with mean zero and variance 
a2 • The replicate effects observed are assumed to be independently and identically p 
distributed (IID). The error term for the object whose yield is subscripted (n)ij 
will be denoted €(n)ij and the observed values are assumed to be IID normal with 
mean zero and variance -2 v • 
£ 
The mono-specific mixing effect tor agent t will be denoted Tt. The (1)-
general mixing effect for agent t will be denoted (1-a)t. The (k)-general mixing 
effect for agent t will be denoted (k-o:)t. For a particular combination of r 
agents, the r-specific mixing effect "1-Till be represented by t3 subscripted with the 
numbers of the appropriate r agents. The (k-r)-r-specific mixing effect will be 
represented by (Ck-r)-a) subscripted with the numbers of the appropriate r agents. 
To eliminate ambiguity concerning what agents went into the treatment of an 
object Y( ) ., the !ollorring system will be used: 
n •J 
The v agents being applied in the experiment under consideration are labeled 
with the numbers 1, 2, ••• 1 v. The(~) possible combinations of n agents are com-
pletely ordered in the following way. Each combination is written as 
(11, i 2, •••, in) where~ is the number representing one of then agents in the 
combination. The ~'s are ordered; that is, if h < h' then~<~~· Considering 
any two combinations I= (i1, 12, ••• in) and J = (j1, j 2, , jn) then I< J if 
(i) 
(ii) . < j ~m+l m+l • 
.... ' i = j for some m < n (m = 0, 11 2, •••, n-1); m :r.1 
This provides a complete ordering on the set of combinations of size n. These 
combinations are now labeled vrith consecutive positive integers starting with one, 
and this label rrill correspond to the j in Y( ) . • 
n •J 
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For example, when v ::a 7 and n = 3 the (~) = 35 combinations are ordered as 
follows: 
j 1 2 3 4 5 6 7 8 9 10 11 12 13 4 1 15 6 1 17 1 8 
-. 
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 2 2 2 
2 2 2 2 2 3· "3 3 3 4 4 4 5 5 6 3 3 3 
3 4 5 6 7 4 5 6 7 5 6 7 6 7 7 4 5 6 
j 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 
2 2 2 2 2 2 2 3 3 3 3 3 ~ 4 4 4 5 
3 4 4 4 5 5 6 4 4 4 5 5 b 5 5 6 6 
7 5 6 7 6 7 7 5 /' 7 6 7 7 6 7 7 7 0 
So Y( 3)•l? is an observation from an object treated vlith a mixture of agents 2, 3, 
and 5. 
An indicator function uill be of use in writing out general model equations. 
The function will be denoted: 
1 if agent~ is in the jth combination of n agents 
~ = 1, 2, ••• , v ; 
k = 1, 2 1 ••·•, n • 
III. The Model 
III.l. The General Model 
The definitions and notations in the previo~s section describe the model in 
terms of the elements which it is to contain. The model is additive, but because 
of the possible dependence of the amount of an agent applied on the number of 
agents applied it is not possible to keep the coefficients of all the parameters 
at one or zero in every yieia equation. 
The definitions are most simply interpretable if the effects are seen as 
linear functions of the amount of the agents applied. This means that when the 
number of agents applied is allowed to vary and the total amount of treatment is 
held constant the sum of the coefficients of effects of the same type will be 
one. For example, a Y(3)ij yield equation will contain three ter.ms of the form 
~lha so each term will have coefficient t• A Y(7)ij yield equation will contain 
(~) = 21 terms of the form ~1 tg so each will have the coefficient 1/21. 
The model equations will be written here with coefficients appropriate to 
fixed total B.llX>unt of treatment and variable number of agents applied. When adapt-
ing the formula to the case where the amount of each agent applied is either zero 
or a constant value, it is both convenient and more meaningful that all positive 
coefficients should be one. 
For observations on objects to which one agent has been applied, the medel 
equation is: 
v 
Y(l)ij = ~(1) + Pi + ~ Inj (hl)'rhl + E(l)ij i = 1, 2, . •., r; j = 1, 2, •. •, v. 
hl=l 
The number of agents in the design is v. There are r replicates. The model 
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equation contains an overa~.~~~rage (~(l))' a replicate effect (P1 -N(O,o~)), 
a treatment effect (1'h1 for some h1), and an error term (e:(l)ij,.., N(O,a~)). 
When two agents have been applied to the observational unit, the model 
equation is: 
· i = 1, 2, • • •, ·r and j = 1, 2, • • •, (~). 
The model contains an overall average for mixtures of t>vo agents (~( 2 ) ), a repli-
cate effect (pi), t\ro treatment eff:cts of the form ( Th/2 + (1-a)hl./2 ), an inter-
action effect (~h1 h8 ), and an error term (e:( 2)ij). The term (Th1 /2 + (l~a)h1 /2) 
is the total general effect of applying agent h1 as one of two agents in the treat-
ment. This is partitioned into a component involving mono-specific mixing effect 
( Th1 ) which is present \Thenever h1 is present in the mixture, and a component in-
volving (1}-general mixing effect (l-a)h1 which is present whenever h1 is in a 
mixture of t•vo or more agents. The interaction component is what has been defined 
as bi-specific mixing effect when only two agents are present. 
Continuing to mixtur~s of three agents, the model equation is: 
Y(3)ij = ~(3) + Pi + L I3j(hl)([~~h1 + t<1-a)h1 + ~{2-a)h1.J 
hl=l 
v 
+ I I3j(h2)([~hlA2 
h:a =hl +1 
v 
+ !(1-~)hl~J + L I3j(h3)1\l~hs)) 
h,=~+l 
i = 1, 2, ••·, rand j = 1, 2, •••, (;) 
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The.xoodel equation contains an error term ( €(3)ij), an overall mean ~or mixtures 
of .three agents (J.l(j")), a replicate effect (pi), three treatment effects of the e 
form (i[~h1 + (l-a)h1 - + (2-a)h1 ]), three second order interaction terms of the 
form (t(ph1 ~ + (l-t3)h1lc]), and one third order interaction term (t3h1 ~h3 ). The 
treatment effect terms partition into terms involving mono-specific mixing effect 
(Th1 ), (l)=general mixing effect ((l~)h1 ), and (2)-general mixing effect ((2-a)ht) 
which is present ~1henever h1 is in a mixture of size three or greater. The second 
order interaction term partitions into a term due to bi-specific mixing effect 
( ~1 ~ ) which is present whenever h1 and h2 are in a mixture, and a term due to 
(1)-bi-specific mixing effect ((l-t3)h1 ~) which is present whenever h1 and h2 are 
in a mixture of at least three agents. The third order interaction is what has 
been defined as tri-specific mixing effect (~1 nehs). 
The general model equation for a mixture of n out of v agents is: 
y = ~ + p + € (n)ij (n) i (n}ij 
+ + 2: (1-a)h + .! (2-a) + • • • + .! (<n-1)-a '\ J 
n 1 n h1 n ln1 
+ 
+ 
v 
I Inj(h3>([(~rl ~l~hs + c~r\l-t3)hlhzhs + ••• + c~rlc (n-3)-13 \hah:J 
be=~+l 
+ 
+ 
+ 
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v 
L 1nj (hn )ahl h::! hs • • • hn-1 hn) • • • . ) J) 
hn=ha-1+1 
1 = 1, 2, • • •, r; j = 1, 2, • • •, (~); and n = 1, 21 • • •, v. 
The first line in this mod~l,. _equation includes a term t:or the average yield for an 
object treated with n agen~s·_,(-~( ))' a term for th~ eff~ct of replicate (p. ), and 
,.. n J. 
an error term (e(n)ij). The sec~nd line is made up of terms for main effects of 
the agents present. The third line is made up of terms for second order inter-
actions of the form 
Fort ~-3' 4, •••, n+l, the t'h l~e is made up of te~ for t-1 order interactions 
of the form 
The main effect term 
is the general mixing effect of agent h1 in mixtures of n agents. This is par-
titionable into a term which is present whenever h1 is present (Th1 ), and n-1 
terms, each representing an effect of the prese~ce of agent h1 in a mixture of at 
least some number of agents betlTeen two and n. For m = 1, 2, • • •, n-1, there is a 
term (m-a)h1 which represents an effect of agent h1 on the yield of a mixture which 
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is only present when the.mixture contains at least m+l agents. This effect, 
{m-a )hJ. , is defined as ~h~: )~)-~p.eral mixing effect of agent h1• 
For p ~ 2, 3, •••, n-1, there are in the model terms of the form 
This term represents the total p-specific mixing effect for the agents h1 h2 • • • h p 
as a subset of n agents in the mixture. This is partitionable into a term which is 
present whenever the agents h1 h2 • • • hp are present (~1 bra ••• hp ) , and n-p terms, 
each representing an effect of the presence of the set of agents h1 h2 ••• hp in a 
mixture of at least some number of agents be~ieen p+l and n. Form= 1, 2, ···, n-p 
there is a term (m-a)h1 na•••hp which represents an effect of the specific set 
h1 h2 • • • hp on the yield of a mixture which is only present when the mixture con-
tains at least~ agents •. This event, (m-~)h1 ne···~' is defined as the (m)-p-
specific mixing effect. 
As an example, consider the yield equation for the experimental unit denoted 
Y(S)il when there are at least five agents which are potential elements of a 
mixture. This is an experimental unit treated with a mixture of the first five 
agents and its yield equation is: 
- 16-
+ ~~12 + ( 1-~)12 + ( 2-~)12 + ( 3-~)12) 
+ ~~13 + ( 1-~)13 + ( 2-~)13 + ( 3-~)13) 
+ ~~14 + ( 1-~>14 + ( 2~~)14 + (3-~)14) 
+ ~~15 + ( 1-~)15 + ( 2-~)15 + ( 3-~)15) 
+ M~23 + < 1-~>23 + < 2-~>23 + <3~~>23) 
+ M~24 + < 1·~>24 + < 2-~>24 + (3-~>24) 
+ ~~25 + (1·~)25 + ( 2-~)25 + ( 3-~)25) 
+ ~~34 + ( 1~~)34 + ( 2-~)34 + < 3-~)34) 
+ M~35 + < 1-~>35 + < 2-~>35 + < 3-~>35) 
+ ~(~45 + ( 1-~)45 + ( 2-~)45 + < 3-~)45) 
+ ~~123 + (1-~)123 + ( 2-~)123) 
+ f5(~124 + ( 1-~)124 + ( 2-~)124) 
+ M~125 + < 1-~>125 + < 2-~>125) 
+ ~~134 + ( 1-~)134 + ( 2-~)134) 
+ M~135 + <1-~>135 + < 2-~>135) 
+ M~l45 + < 1-~,145 + ( 2-~>145) 
+ ~~234 + ( 1-~)234 + ( 2-~)234) 
+ M~235 + < 1-~>235 + < 2-~)235) 
III.2. COnstraints 
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- ·• M~245 + (l.,;~>245 + <2-~>245) 
+ M~345 + (l-~)345 + <2-~>345) 
,. '+ ¥~1234 + (l-t3)1234) + ¥~1235 + (l-~)1235) 
+ ~~1245 + (l-t3)1245) + 3<~1345 + (l-~)1345) 
+ 3<~2345 + (l-t3)2345) + ~12345 + €(5)11 . 
In order to achieve a unique solution when estimating parameters of the model, 
a number of constraints Jlllst be imposed. If treatments involving mixtures of size 
one up to mixtures of k agents are in the experimental design, the number of 
parameters in the model is 
k k 
k + I (k+l .. i)(~) = [ L (k+l-i)(~)J - 1. 
i=l i=O 
The total number of possible treatment combinations is ~ (~). 
i=l 
Begin with the restriction that k ~ ;; that the largest mixture to be con-
sidered contains no more than half of the agents under consideration. The reason 
for this restriction will become apparent later on. 
Constraints which do not alter the meaning of linear contrasts of effects are: 
v 
T .(I Ti) = o. 
i=l 
v 
= L: ~h1hJ == 
j=l 
JFi 
v 
(q .. a). = L (q-a)1 = 0 for all q = 1, 2, • • •, k-1. 
1=1 
0 and (q-~)h 1 • 
v 
= I (q-~>h1h~ 
j=l 
jf.i 
= 0 for all q = 1, 2,•••, k-2 
and all h1 = 1, 2,···, v. 
. 
• 
v 
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v 
L: {q-f3 )h1 hJ h,t = o 
.e=~ 
~i for all q = 1, 2, ••• , k-3 ifj 
.~ 
and all possible pairs h1hj• 
( 1-~=~) = 0 for all possible mixtures 
1-' hl.h"l •• •hk-~. 
of k-2 agents. 
= L: ~1 'l1:a ... hk-1 h_2 = 
.t=k 
0 for all possible sets of k-1 agents 
Each mixture of level m adds ~ (:) new parameters to the model and (v) possible 
i=O ~ m 
neH treatment combinations. Hith the constraints above, each mixture of .level m 
adds ~~;L( vi) constraints on the new parameters. The number of new treat~nt com-
~=0 
binations equals the number of new parameters minus the number of constraints on 
the new p~ameters. Thus, if treatments involving mixtures of size one up to size 
m-1 are. in the design and mixtures of size (leve~) m are added to the design, the 
pos~~~le number of new treatment combinations is equa~ to the number of new inde-
pendent parameters. 
Now, remove the restriction that k ~;and consider the extension of the above 
system of constraints to the case k > !2 • ~ f3 = ~ = 0 is hk hl~· .. hk hl~~···hk-1. 
one of the additional constraints. Since there are (k~l) possible combinations of 
the form h1 h2 ••• ~-l' (k~l) constraints are .to be placed on the parameters 
f3h1 ~··•hk" The problem is that if k >;,then(~)~ (k:1). This means there are 
at least as many constraints as there are parameters. This effective~ makes all 
the parameters equal to zero. 
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v The conse~uence of this is that for m > 2, the only non-zero new parameters 
in the oodel which are not in the model 1-1hen mixtures of size m-1 or smaller are 
considered, are parameters which have a mate in the model where mixtures are of 
size v-m. The (m-r)-r-specific effect will not be defined as equal to zero if 
r ::;;: v-m. The effect ( (m-r )-f3)h1 ~. • •hr will ~ave the same constraints as in cases 
where -::;;:! Ul. 2 
v 
L ((m-r)-f3)h1 hc•••hr-1 h.C = (Cm-r)-t3)hl~···hr-l" = O. 
h,= 1 
N 
hpfhi 1 = 1, 2, ... r-1 
If r > v-m, all (m-r)-r-specific effects will be defined as identically zero. 
So, the addition of mixtures of size m, to a design already containing mixtures 
of (~1) agents, will result in (~) new independent parameters regardless of whether 
m >;or m::;;:; • 
For example, with seven possible agents the following table shows the number 
of parameters and the number of constraints in this general model. Within each 
cell, the first number tells how many new non-zero parameters of that form there 
are and the second number tells how many ne1v constraints of that form there are. 
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Table 0. 
number of agents in the mixture 
parameter 1 2 3 4 5 6 7 Total 
Jj(n) 1,0 l,,q. l, 0 1, 0 1,0 1,0 l,O 7, 0 
Tht 7,1 o,o o, 0 o, 0 o,o o,o 0,0 7, 1 
(n-o:)ht o,o 7,1 7, 1 7, 1 7,1 7,l o,o 35, 5 
t3 o,o 21,7 o, 0 o, 0 o,o o,o o,o 21, 7 
~· 
hl h.'3 .. 
(r-t3)h1~ o,o o,o 21, 7 21, 7 21,7 o,o o,o 63,21 
~lhah:3 o,o o,o 35,21 o, 0 o,o 0,0 o,o 35,21 
(r-f3 )h1 ha hs o,o o,o o, 0 35,21 o,o o,o o,o 35,21 
~1hahsl4 o,o o,o o, 0 o, 0 o,o o,o o,o o, 0 
Total 8,1 29,8 64,29 64,29 29,8 8,1 1,0 203,76 
Difference 1 = (I) 21 = (~) 35 = (~) 35 = (I) 21 = (~) 7 = (~) 1 = (i) 
In each column total it is to be noted that the difference, parameters minus 
constraints, is the number of possible combinations of n agents. 
III.3. Estimation 
'Ihe expected value of the yield of the j'll mixture of n out of v agents is: 
v 
E(y(n)ij) = Jj(n) + L Inj(hl)(G (-rh1 + (l-o:)h1 + (2-o:)h1 + ••• + (<n-1)-a~1 )] 
+ 
. 
• 
. 
hl=l 
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v 
+ L Inj(hn-l>([(n~l)-l~lha ·••hn-l + (n~lr1< 1-e)hlbe •• •hn-1] e 
hn-1 =hn-2+1 
v 
+ L In/hn)13h1l':lahs • .. ha-l.hn) '· • )) • (1) 
ha=ha-l +1 
In a replicate, i, where all possible combinations of n agents are :present, 
the parameter ~(n) and the(~) parameters of the form eh1~···ha-1~ are estimable. 
Also estimable are the linear combinations of parameters which are in brackets 
above - terms of the form 
[(~)-l(l'hl~ • • •ht + (l-t3)h1be • ··h~c + . . . + (Cn-k)-13\ h h)], k = 2, 3, ··•, n-1 . ihl 2 ••• k 
v 
+ (v-2\ \ 
n-2/ L 
v 
:- .~. ' . 
v 
= (~)~(n) + (~:i) L ~ ( Th1 + (1-a)h1 + • • • + ( (n-1)-a )h1 )] 
hl =1 
v 
\ (n)-J.r 13 + (1-13 )hl h ... + ••• + ( (n-2)-13 \1....,_ J + ••• 
'- 2 w hl h:-a "' lh •:e 
v 
13hl h3 h,; ••• hn • 
hl =1 na=hl +1 hn=hn-1 +1 
I I 
With the constraints proposed in the previous section, this reduces to: 
(2) 
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Thus ll(n) 
i (~) 
( ) -1 \ is estimated by ~(n) = ~ ~ Y(n)ij • 
j=1 
The expected value of the sum of all ,:n:ixtures containing agent a is: 
- (v-1)[1-1 + _nl (Ta + (1-a)a + ••• + (<n-l)~)a)] 
- n-1 (n) 
v v v 
+ ~ I I 13ahl h2 • • • ha-l • 
h1 =1 ~=h1 +1 hn-l =hn-2 +1 
h1fa h:afa h11- 1 fa 
'Vlith the constraints proposed in the previous section, this reduces to: 
(~) 
(3) 
E( L Inj(a)Y(n)ij) = (~:i)ll(n) + [(~:i)- (~:~)] ~Ta + (1-a)a + ••• + (<n-l)-a)a) 
j=l 
= (~:i)ll(n) + (~:i)·~·(Ta + (1-a)a + ••• + (<n-1)-a)a)· (4) 
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(~) (~) l f I . (a )Y r , - \' (!: lY r ' • • • 
- nJ .· \n,ij L w; \UJl.J J j=l j=l 
(5) 
._ I 
The expected value of the sum of all mixtures containing agents al, a2, ••• 1 ~ 
(n ~ ~~ k = 2, 3, •••, n) is: 
(~) (~) 
E( L Inj(al)Inj(a2) 
j=1 
••• Inj(~)Y(n)ij) = L Inj(al)Inj(a2) .,. Inj(~)~Y(n)ij) 
j=1 
k 
(v-k)f ' '\ 1{ ( ) )] ~ n-k ~~(n) + ~n\7an + (l-a)an + (2-a)aa + ••• + (n-1)-a an 
h=1 ""' "" "" "" 
v 
+ (~:~:i) ·I·~(-ra.e + (1-cx)a.t + (2-a)a.e + ••• + ((n-1)-cx)a) 
hl =1 
h1fa;., (.t = 1, 2, ···, k) 
+ ••• + (Cn-2)-~) ) a~h1 
With the constraints proposed in the previous section, this reduces to: 
(ri) 
E( L Inj(a1)Inj(a2) ••• Inj(~)Y(n)ij) 
j=l 
k 
= (~:~)~(n) + (v~~;l) ~ ~ -ra~ + (1-et)a~ + • •. + ( (n-1)-et )a) 
£=:1 
(6) 
••• + (<n-2)-~) ) 
a; a~ 
(7) 
n . ~( ) -1 The term · k ( 13a1 ae • • • ak + (1-~) + • • • + ( (n-k )-~) . )] is esti-al ae • • • ak a1 ae • • • a~c 
mated by: 
i~(n)- 1(~ + (1-13) + .. • + (<n-lt)-~) )]~~ ~ k a1 • • • ak a1 • • • ak 8.3. • • • a~c 
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- ... - + ••• 
k 
_ (v-k:l)) \l(T + (l-a) + ••• 
n-k i..J. l.n\ a(! a 1 
i.;=.l N N 
(8) 
By using this recursive forraula for estimation, all the bracketed terms in formula ~ 
(1) can be estimated, as well as 11( ) and 13-h 1 h • This estimation procedure n 112••• n 
is effective vrhenever n :::;; ;, the nur;fuer of agents in a mixture, is not more than 
half the total number of agents. 
-1 . 
llith an estimate of[(~) (t38.1 ... a.1:+ (l-f3)a1 ·••a!:+ ••• + (Cn-k)-t3)a1 •••ak)J, 
(kn) times that provides an estin~te of (t3 + (l-f3) + ••• + a1 • • • ak a1 • • •ak 
( (n-k)-f3 )a1 •• ·a~c ). llhen n, the nunfuer of agents in a mixture, is allowed to vary, 
the ter.il (13 + (1-(3) + • • • + (Cn-k)-13) ) may be partitioned into 
a1 • • • a 1, a1 • • • ak a1 • ... • a!..: 
estimable parts. Consider n' < n s ~ k = 2, 3, • · ·, n, 11here n' and n are sizes 
of LUb~tures which have been observed. The procedure described above provides 
estimates 
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and 
The difference ~(kn)- ~(kn') estimates 
It all possible mixtures o! less than or equal to n agents are observed, the com-
ponents o! the term ~(kn) may all be estimated by this difference)' method. 
When n > ~~ 1! k is allmied to vary !rom 2 to v-n instead of to n, formulas 
(i) to (7) are app~priate. Thus, if (<~~m)-~~1 ••• n_ is not defined as equaling 
zero, it may be estimated using the recursive formula (8). 
IV. Simplifying ~ Model 
For the specific experimental situation a general design will contain par-
ameters which are known to have zero value, parameters which the experimenter is 
willing to assume have zero value, or linear combinations of parameters which 
should be considered as one parameter. 
The examples from chemistry and genetics provide examples of situations where 
the general model is needlessly complicated. In both cases, all mixtures being 
compared must contain the same number of agents. In the general model equation, 
v 
y(n)ij = ll(n) + I In/hl)(~. [ 'fh1 + (l-et)h1 + (2-a)h1 + • • • + ( (n·l}-et \ 1 J 
hl=l 
v 
+ L: In/h2>((~rthlh3 + (1-~)hl~ + ••• + (cn-2)-~\lh;a] 
ha=hl +1 
v 
+ ••• + L Inj(hn)(~1 na···hn) ···))+Pi+ €(n)ij ' 
hn=hr,-1 +1 
each of the bracketed ([ ]) terms is a linear combination of parameters, which is 
estimable. In the case where only one size mixture is under consideration, these 
bracketed terms cannot be partitioned into estimable parts. Thus, each bracketed 
term may be given a single denotation and treated as one parameter. Since compar-
able parameters all have the same coefficients 1n these examples, another simpli-
fication vtould be to have one as the only positive coefficient. The term 
[-r111 + (l-a:)h1 + • • • + ( (n-1)-a: )h1 J vlill be denoted ~1 • This corresponds to the 
general combining ability of agent (parent) h1 in the 
m = 2, 3, • • ·, n, the term f t3 , + (1-t?,) . + ~... h1l12 • • • n 0 h1 • • • hm 
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genetics example. For 
••• + (Cn-m)-~\ J will )hl • • •ha 
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be denoted yh ,.,_ h • This is an m-specific mixing effect. The mdel equation 
~ ~.lil • • • a 
is now: 
v v v 
+ L Inj(hl)(~1 + L In/h2)( yh1~ + L Inj(h3)( yh1bah~ + ••• 
h~ =1 h;a=h1 +1 bs=lb+l 
v 
+ I In/hn )( yh1h3 • • •hn) • • • )) ). (9) 
hn=hn-1+1 
This model equation is appropriate whenever the number .of agents in a mixture is 
not allowed to vary. 
The same si~litying notation may be used when m-specific effect depends only 
on whether there are at least ~ agents in the mixture. Tne experimenter may be 
assuming the effects to act this way or kncn-1 that they do. The claim is that 
r·t3h h + (l-t3),.,_ h + ••• + (<n-m)-13 \ h J is invariant for all n ~ m. The U 1••• a ~~··• ~ fh1••• 1 
term used to denote this 1-1111 be yh1 •• •ha. It may still be reasonable to consider 
a 11pure11 effect separate from the general mixing effect by denoting··c(l-a)h1 + 
(2-a)h1 + ••• + ((n-l)-a)b1 ] as Ob1 , invariant for all n ~ 2. The model equation 
is now: 
v v 
y(n)ij = ll(n) +Pi+ L Inj(hl)( Th1 + Dh1 + L Inj(h2)( yh1 he + ••• 
hl =1 hz =hl +1 
., 
+ I Inj(hn)(yhl~···hn) ···))+ €(n)ij • (lO) 
h11 =h1'1.-l +1 
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.As in :f'actoria~·:designs, higher order effects can sometimes be eliminated 
from the mdel equation. This may be done because of prior knowledge of the be- e 
havior of the material under observation. It may be due to simplifying assumptions 
the experimenter makes about his material. If it is decided that there are no 
effects ot higher order than the m-specific effects, the general model equation 
becomes: 
v 
Y(n)ij = ~(n) +Pi+ €(n)ij + L Inj(hl)(~Thl + (1-a)hl+ ••• + (<n-1)-a)al] 
hl=l 
v 
+ L rnj(hm)((:rl.~l ... h,/ (1-t3)h1···hc + ••• 
~=hl!l-1 +1 
The first simplification (9) becomes: 
v v 
Y(n)ij = ~(n) + Pi + €(n)ij + L Inj (h1)( Cb1 + L Inj (h2)( Yh1 ~ + • • • 
hl =1 h:: =hl +1 
v 
+ I .(h )(yh .h) ···)) • 
nJ m l • • • m I 
hn=hm-l +1 
The second simplification (10) is the same as (9) with ~1 replaced by Th1 + Ob1 • 
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Another possible simplification would be the elimination of pi from the model 
equation. This could ,be done whenever the experimenter has only one replicate or 
the design is a completely randomized design, with no replicates to block on. 
A change in the model which lTOUld change the constraints on remaining par-
ameters as well as eliminating some parameters would be needed if the application 
of only one agent was best interpreted as a "mixture" involving two identical 
agents. "Pure" strains would then belong in the set of mixtures of two agents. 
The term Th1 no longer has any meaning in this case. The zoodel equation for a 
"mixture" of the first agent is: 
The model equation for a mixture of the first two agents is: 
y(2)i2 = ~(2) + pi + ~1 + ~2 + ~12 + £(2)12" 
The new parameter is the ~jj and it necessitates a change in <:,onstraints. Where 
the constraint was 
v 
I ~h1ha = 0 for all h1 = 1, 2, ... v, I 
~=1 
le~hl 
it becomes 
v 
L ~h1ha = 0 for all h1 = 1, 2, v. 1 
h:z=l 
The first simplification proposed here was only a simplification of notation. 
One result of all the other simplifications is a decrease in the number of inde-
pendent parameters in the model. This has been done either by eliminating par-
ameters fl"o:;~. the mdel.or by making one parameter out of many. With fewer par-
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ameters it may be possible to estimate all the el.ements of the model. with rep11-
. •• ..- .......... !. ~ 
cates which do not involve "au· the possible combinations of agents. · A minimal. 
design, a fractional replicate containing as few observations as possible, would 
be a wortln·7hile consideration whenever cost or time limited experimental options. 
V. Minimal Designs 
V.l. Simplest Analog ~~Genetics MOdel 
The diallel cross design from genetics has the model equation: 
where ai and aj represent general combining abilities and f3ij represents bi-specif'ic 
combining ability. A simplif'ied form of the general mixing design generalizes this 
design to the situation when the number of agents in a mixture is not necessarily 
two: 
v v 
y(n)ij = ~(n) +Pi+ Linj(hl)(k(n)(~l) + L Inj(h2)k(n)t\lha) 
hl =l h3 =hl +1 
+ €(n)ij • (11) 
Hhen only mixtures al1 with the same number of agents are being considered, k(n) 
and k(n) will bo~h equal one. v~en different size mixtures are of interest, k(n) . 
and k(n) are constant coefficients, dependent on the number of agents in the 
mixture, '·lhich adjust the a.zoount of the effect for the amount of the agent which 
is applied. For 1 < n < v, this model equation may be applicable. 
The mixture is one unit to i'lhich many agents have been applied. The block is 
one conceptual unit to which many treatments have been applied. The mixtures of 
interest each involve some subset of the set of all possible agents. A block to 
which not all possible treatments have been applied is called an incomplete block. 
Thus, in order to make use of the available theoretical work, the mixtures under 
consideration can be vieued as incomplete blocks, for v7hich only the block totals 
can be observed. The goal is, then, an incomplete block design uhich allows esti-
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mation of all the parameters in the model '~ith as few observations as possible. 
This l7ill be called a minimal design. 
The goal here is·~ to find minimal designs for estimating general mixing effects 
(gme 's, '111 1 s) and bi-specific mixing effects (bme 1 s, f\1 h':l 's) for fixed number of 
agents per mixture. Each replicate will be complete, containing all combinations 
of mixtures which appear anywhere in the design. Without loss of generality, for 
this complete block (replicate) design, a single replicate may be used when con-
sidering estimability of general and bi-specific mixing effects. The yield equation 
(11) effectively becomes: 
y(n)j = l-'(n) + I Inj (hl)( ~1 + L Inj (h2)~1 be) + €(n)j • (l2) 
h1 =1 h2=hl +1 
For the model equation (11), the degrees of freedom when rs objects are ob-
served -- r replicates and s objects per replicate --- may be partitioned as in ~ 
Table 1. 
Table 1. 
Source of Variation df 
Mean (~(n)) 1 
General mixing effect (~1) v-1 
Bi-specific mixing effect (f3hl na ) ~v(v-3)) 
Replicates r-1 
Residual within replicates (s-(2)) 
Error (r-1) (s-1) 
Total rs 
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The residual within replicates is the ~t of variation which would be 
accounted for by considering higher order specific Jll41ng effects after eliminating 
.. - ...... 
, ;.. .. .... 
general and bi-specific mixing effects. If these higher order effects are zero, 
this line provides a second estimate of error. 
For model equation (12), the degrees of freedom when s objects are observed 
and all parameters are estimable may be partitioned as in Table 2. 
Table 2. 
Source of Variation d.f 
Mean (ll(n)) 1 
General mixing effect (a.hl) v-1 
Bi-specific mixing effect (~1 h3 ) ~v(v-3)) 
Residual s- i( v(v-1)) 
Total s 
In this lOOdel the contribution of residual is to provid.e a confidence interval 
for the estimates of effects. The "error" from Table 1 provides a better confi-
dence interval for the estimates. The minimal design will, ideally, leave zero 
degrees of freedom for residual. 
The yield equations of form ( 12) can be put in matrix form: 
,.. 
ll 
[1 A N] a + e = Y 
where 1 is (s X 1), A is (s X v), N is (s X(~)), a is (v x 1), and~ is(<~) X 1). 
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a' = (al a2 •• • av), @' "" (f'l2 t313 ··.• • t3lv t323 •• • t32v • •• ~{v-l)v), and 
Y' = (Y(n)b1 Y(n)ba • • • Y(n)b, ). 'Let !~be the m\b row of A and ~~be the mUl row 
of N. 
!~ = (Inb• (1) Inbu (~) Inb. (3) • • • Inbm(v) ). 
"F· 
... 
Inbm (1) • Inbm (v) Inb. (2) • Inbm (3) ... 
... ~- ... (~) • ~"' (v) ••• I"' (v-1)• I b (v)). 
nu. nuc nu. n c 
Theorem 1: ~ is! sufficient condition·.f2:: ~ estimability of parameters ~ ~ 
model equation 
v v 
y(n)j = ll(n) + L Inj (hl)( ~1 + L . Inj (h2)~l~) + e(n)j 
hl=l ba=hl +1 
with constraints 
v 
I ~1 = I t31j = o (~ ~ j c 1, 2, 
hl,=l 1 
1rj 
that N 1n 
ll 
Y = [1 A N] a + e 
.. 
be of full column rank. 
• • • v) , 
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Proof: Let 
The yield equations 
l..l 
! = [1 l A N] a + ~ become ! = [N] (eiJ + ~· 
~ 
I' ( I I I I I I ) ~ = ~12 ~13 ••• ~lv ~23 ••• ~2v ••• ~(v-l)v • 
If N has full column rank, N'N is invertible. By simple matrix multiplication, 
~I is estimated by ~I = (N'N)-~'!· 
"I ((n)·l 1 ( )~~ 
13h1h.2 = 2 ll(n) + n-1 ~1 + ~ • 
This may be considered as a linear combination of estimates, ll{n)' ~11 ~~and 
~1 ha , of the parameters, Jl ( n), ~~ , ~ , and ~h1 ~ • : The same constraints hold on 
these estimates, 
v m-1 
I t:rbl = I t3~1m + = o. 
h1 =1 h1 =1 ha=m+l 
v-1 v v-1 v _1 I I ~~l 11a = I I [(~) l..li<n> + (n-1rl( ~l + ~) + ~1 na J 
hl =1 b.2 =~ +1 hl =l ha=hl +1 
v n -~:· -!} n v ,"'I X )-1 ( X)-1 = (2 2 ll(n)" So ll(n) = 2 2 1 ~ • 
.. - J7 -
v v 
== (v-l)(~Y\.t{n) + (v-l)(n-l)-1ci{ + L ~ + L ~~ 
ba=2 h2c2 
y 
= <v-l>(~Y1~(n) + (~- 1?i. So~ z: (~)[ I~~- <v-l)(~Y11'e!J 
~=2 
y 
Similarly: a* = (~)r ~I + \~I _ (_g)i ,~I] , 2 v-n lJ 12 L.. 2tQ v -
11;=3 
v-1 
a~ = (~)[ L ~1 v - (~)t'~IJ · 
hl=l 
So 
hz-1 y 
* t3h . l.t\3 
\"I \ ~I 
L.. t3 jbe + L.. 13~ j 
j=l j=hz+l 
Thus, all the parameters may be estimated. 
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A minimal design for which N has fUll column rank has the same number of rows 
as columns. With v possible agents, a':ruu'·column rank 
may be found whenever 2 =' n :a (v.-2). Though the goal is estimation of parameters 
with a minimum number of observations, it may be possible to retain some favorable 
quail ties of the design which considers all possible combinaticns of agents. Equal 
application of each agent and equal application of each pair of agents are design 
,.-
characteristics which may be retained ih some circumstances. When agents are con-
sidered as treatments and objects are considered as blocks, these design character-
istics indicate a balanced incomplete block design (BIB). 
Definition 1: A BIB design is irreducible if its blocks cannot be split into two 
mtually exclusive subsets, both of which are BIB designs. 
Theorem 2: Assume that for blocks of size n, with v treatments, there exists a 
----- -- - -
BIB design containing (~) blocks. For ~ ! design ~ £! minimal it ~ be 
irreducible. 
Proof: Let a BIB design exist which is rirlnimal and produces the yield equations 
! = [NJei + ~· Assume there exists a reordering of '!1 call it [-~; ], ~d a similar 
reordering of the rows of N, [-~], and of~~ [-;;J, such that !1-= N1~I + ~l 
represents the yield equations for a BIB design. The sum of the rows of N1 will 
be A11' where A. 1 is the number of times each pair of agents occurs in the design. 
Similarly, the sum of the rO'I·lS of N will be "-1' where t.. is the number of times 
each pair of agents occurs in the original design. This means the sum of the rows 
of N2 III.lst be (A.,.A.1 )1'. The augmented matrix ( -~) can have rank at most (~)- 1. 
N ~ 
Rank of ( -N;) = Rank of N so N is not of fUll rank. This is a contradiction of the 
minimality of the BIB design, so the minimal BIB design must be irreducible. 
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For n = 2 or n,= (v-2), the set of all possible combinations of agents is a 
minimal design. Tab~e 3 is a partial list of the values for v and n for which a 
minimal BIB design may exist. A general method for the construction of minimal 
BIB designs has not been discovered. Starred entries in the table are values for 
'"hich a minimal BIB design has been found. 
Table 3· 
' 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 
Treatments (v) 7 7 8 9 9 9 9 10 10 10 11 11 11 11 11 ll 12 12 12 13 13 
Treatments/block (n) 3 4 4 3 4 5 6 4 5 6 3 4 5 6 7 8 4 6 8 5 8 
""~ ·:} 
.I .. !; o\'r {~ * ~.i- * 
If there are v treatments and a block b contains n of the treatments, a block 
b' containing the (v~n) treatments not in b is called the complement of block b. 
It is easily verified that if the set b1, b2, • • •, bm forms a BIB design, then 
the set bl' b2, •••, b~ forms a BIB design. 
Theorem 1_: If .!! minimal BIB design exists ~ v treatments and n treatments per 
block, ~ ~ minimal BIB design exists for v treatments and {v-n) treatments ~ 
block. 
Proof: Let the set of blocks b1, b2, • • •, b v be a minimal BIB design for n (2) 
treatments per block. The set of complements bi, b2, b3, •••, b'v must be a BIB. 
(2) 
Since the set b1, b2, •••, b v forms an irreducible BIB, no subset is a BIB. This (2) 
implies no subset of bi, b2, •··, b'v can form a BIB. Thus bi, b2, •••, b'v is 
(2) (2) 
an irreducible BIB with (v-n) treatments per block and (~) blocks. This is a 
minimal BIB. 
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V.2. Generalizing ~ ~ Specific Mixing Effects 
When only mixtures of one size are to be considered and· the model is to in-
clude not only bi-specific but also tri-specific up to r-specific miXing effects, 
the simplified yield equation comparable to equation (12) is: 
v v 
y(n)j = ~(n) + I In/hl)(Clb1 + L Inj(h2)(~1 ba + • •• 
hl=l ~=hl+l 
v 
+ L In/hr)(t\1 b:z ···h) • •• )) + €(n)j" (l3) 
hr=hr-1+1 
v The constraints require that r ~ 2, or the model could be simplified by eliminating 
v the m-specific effects for all m > 2. For all parameters to be estimable, there 
must be at least as many possible observations as there are independent parameters. 
This is taken care of by the restriction on n: r s n ~ v-r. The yield equations 
can be written as: 
-~~::2_ 
0: 
-
------
Y = [1 A ~2 N3 . . . N J ~2 + e • r 
------
-~~---
. 
. 
------
~r 
~ is the vector of the (~) different k-specific mixing effects. 
Theorem 4: ~ sufficiency condition ~ estimability, similar to that ~ equation 
(12), is that N has full column rank. 
-- r-- -
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Proof: Just as in the proof of Theorem 1~ it is possible to identify a parameter 
Let N have full column rank. The yield equation may be written as Y = N AII + e. 
r - r~ 
N'N is invertible, so ~II = (N'N )-~·y is an estimate of ~II, ~hii h has a 
r r - r r r- - 1 • • • " 
form similar to the form of mdel equation (10) without the error term. The 
vector ~-II contains an estimate of the effect ~I h for all (v) possible co~ 
'Lll• • • r r 
binations of' r treatments. Using the method of estimation described in section 
III. 31 all the parameters which make up A.II h can be solved for. Thus, all the 
,..h'l • • • ,.. 
parameters in the original yield equation are estimable. 
In the simple case it was advantageous to have all pairs of agents occur the 
same number of times. The generalization of this would have all sets of r agents 
occur the same number of times. A minimal design has (;) different objects being 
treated. BIB designs require pairwise balance. Let m-"t~ise balance mean that all 
sets of m agents occur the same number of times; ~wise balance implies (m-1)-wise 
balance. Just as in the simple case it was not always possible to have a pain-Tise 
balanced minimal design, in the general case it is not always possible to have an 
m-wise balanced minimal design (m = 2, 3, •••, r). The treatment design to seek, 
for fixed v, n, and r, is one which maximizes m, where m-wise balance is achieved 
by the design and (~1)-wise is not. 
Trio-"1ise balanced incomPlete block designs have been discussed by Calvin 
(l954), calling them "doubly balanced incomplete block designs". Though the names 
are similar' the n-wise balanced design spoken of here is unrelated to the balanced e 
n-ary design introduced by Tbcher (1952). 
VI. ~Example 
An experimenter has seven different agents and plans to apply three of them 
. 
to each experimental unit. The first model to be considered has yield equation (13) 
with r = 3, n = 3· 
7 7 7 
y(3)j"" ~(3) + L I3j(hl)(~1 + I I3/h2)(~1~ + L I3/h3)~1hah.'!)) + €(n)j • 
hl=l . h;a=hl +1 h.a=ha+l 
All possible combinations of three agents are denoted n35: 
j 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 
11111111111 
D35 2 2 2 2 2 3 3 3 3 4 4 
34 .. 5674567 56 
1 1 
4 5 
7 6 
1 1 2 
5 6 3 
7 7 4 
2 
3 
5 
2 
3 
6 
j 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 
2 2 2 2 2 2 2 3 3 3 3 3 3 4 4 4 5 
3 4 4 4 5 5 6 4 4 4 5 5 6 " 5 5 6 6 
1 5 6 7 6 1 1 5 6 7 6 ~r 7 6 7 7 ~( 
\-Tith the constraints 
7 7 7 
L:~l = L~' = I ~lh3h,g = o, hlh.a 
hl=l hl=l lq=l 
h1r~ h1r~ 
Vh:a hlfhe 
v h2,~ 
all the parameters are easily estimated. 
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(14) 
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35 ~r 6 1 5 _ 6 1 
E( 2: ~}j) = 35J.L<3> + l5 I ~l + 5 L: I f\111e + · I I I ~ha~ 
j=l hl=1 hl,=lhe=hl+l hl=lhe=hl+1~=ha+l 
35 
= 35J.L<3>· So J.l<3> = :s I y(3)j • 
j=1 
35 1 k-1 1 
E( I I3j (k)Y(3)j) = 15J.L(3) + 1~ + 5 l: ~1 + 4( l ~lk + L f1t!l2) 
j=1 hl=1 hl=1 h2=k+1 
7 k-1 "( 6 .. ( 
I ~1he + I I ~h1khe + l: 2: 11mzil3 
hl =1 ~=hl+1 h1 =1 hs=k+1 ba=k+1 ~ =ha +1 
k-1 
I ~1hak (k = 1, 2, ••• , 7) 
35 35 
= 15J.L(3) + 1~. so~ = ;0 (I I3/k)Y(3)j - ~~ L y(3)j). 
j=l j=l 
35 7 
E( I I3j(kl)I3j(k2)Y(3)j) = 51-1(3) + 4~1 + ~ + L ~l + 3~1~ 
j=l hl=l 
k1-1 ~r ~-1 1 
+ I ~1k1 + I t\1 11:a + I f3.h1k:a + L: f1tz he 
hl =1 ha=kl +1 hl =1 he=ke+l 
kl-1 k~-1 1 
+ I 13h1k1k.a + I 11tl h2ka + I ~1ka 11s 
hl =1 h-a =kl +1 h3=k.a +1 
- 44 .. 
35 . 
.So ~1ki • ~ ( L [r3J(kl)I3j(k2)~{3)j - fo~{i3J(kl)Y(3)J + 13/k2)Y(3)J - ~- Y(3).1) 
j•l ' 
- ~~-y(3)JJ) 
35 
= ~ ( ~ [x3j(kl)I3j(k2)Y(3)j - -ro· (r3.1(kl)Y(3)j + I3j(k2)Y(3)J) +% y(3)JJ). 
j=l 
35 
"I I3j{kl)I3j{k2)I3j(k3)Y(3)j) c: ~(3) + '\1 +'\:a+~+ f\:lka + t\tlks + ~k.a + l\:lk2k$. 
j=l . 
35 
So ~1kak3 = I I3j(kl)I3j(k2)I3j(k3)Y(3)j 
j=l 
35 
-~ I [r3J (kl)I3J (k2)Y(3)J + I3J (kl)I3.1 (k3)Y(3)j + I3J (k2)I3J (k3)Y(3)JJ 
j=l 
35 35 
+ ~ I [r3j(kl)Y(3)J + I3j(k2)Y(3)J + I3J(k3)Y(3)JJ -To L Y(3)J • 
~=~ j=l 
Table. 4 is the analysis of variance table for this design \'lith sums of squares 
:.~ 
u * ~ ~ .. 
expressed in terms of the estimates ~-(3 ), ~ 1 13htbe 1 and 13};1 h3h.-3 as formulated 
above. 
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Table 4. Analysis of Variance 
Source of Variation 
General Mixing Effect (~1 ) 
Bi-specific Mixing Effect (f3. "h.. ) 
111 ... 
df 
5 6 ''( 
ss 
Tri-specif'ic Mixing Effect (~1 ).,_ "'~ ) 14 I: I: I: (~ )2 ·~·'<:3 h1==l ~=h1 +l hs=h:a+l 1112hs 
Total 
If the mdel is simplified to involve only general and bi-specific mixing 
effects, the yield equation becomes: 
·r 1 
y(3)j = ll(3) + L I3j(hl)(~ + L I3j(h2)~lha) + €(n)j (l5) 
hl =l hz =hl +1 
The analysis of variance, Table 4, is appropriate when all the units in n35 are 
observed. The line labeled "Tri-specific Mixing Effect" is nmv relabeled "Residual". 
Seven agents and three agents per object is one of the situations 1-1here a BIB 
design ,.1hich is minimal exists. There are (~) = 21 independent parameters, so the 
BIB design must be irreducible and contain 21 blocks of size three. Such a design 
is easily found by constructing ~1o BIB designs of size 7 which have no blocks in 
coxmn:m. The remaining 21 of the (~) = 35 possible different blocks form an ir-
reducible BIB design. One such design is: 
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j 3 4 5 6 1 9 ll 12 13 6 1 . 17 8 1 20 22 25 'Zl 30 31 32 33 35 
1 .1~' 1 ). 1 1 1 1 1 2 2 2 2 2 2 3 3 3 4 4 5 
2 2 2 3 3 3 4 4 5 3 3 3 4 4 6 4 5 6 5 5 6 
5 6 1 4 5 7 6 1 6 4 5 6 5 1 1 6 7 7 6 7 7 
The parameters o-r the model can be estimated by inverting the N matrix in the 
equation Y = Nt3I + e. From this, ~I = N-ly and the original parameters can be 
- - - - -
estimated as in the proof of Theorem 1. 
An equivalent alternative method o'£ estimation first requires the observation 
of two facts. If seven blocks form a BIB design and one of the seven is removed, 
the expected value of the sum of the remaining six blocks is 7~( 3 ) minus the ex-
pected value of. the missing block. If block Y( 3 )j is missing from the design n21, 
it is only possible to construct one BIB design of size seven containing Y(3)j and 
six blocks from n21• For example, Y( 3 )1 is not in n21• n71 is the only BIB which 
can be constructed using six blocks from n21 and Y( 3 )l" 
j 1 12 13 20 25 'Z7 30 
1 1 1 2 2 3 3 
2 4 5 4 6 4 5 
3 7 6 5 7 6 7 
rr 6 7 
= 1~·(3) + 3 2: ~1 + L: I ~1ha = ·r~(3)· 
hl =1 hl =1 h:~=hl +1 
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It is now possible to estimate all of the missing Y(3)j's. 
The remaining thirteen blocks which do not appear in n21 are estimable using the 
following BIB designs: 
j 2 9 13 17 25 t!7 33 
1 1 1 2 2 3 4 
2 3 5 3 6 4 5 
14 7 6 5 7 6 ~( 
j 3 8 12 16 25 30 32 
1 1 1 2 2 3 4 
2 3 4 3 6 5 5 
5 6 7 4 7 7 6 
j 4 9 10 17 22 27 35 
D 
710 
1 
2 
6 
1 1 
3 4 
7 5 
* 
2 2 3 5 
3 4 4 6 
5 7 6 7 
j 4 6 14 17 22 31 32 
I 
1 1 1 2 2 3 4 
2 3 5 3 4 6 5 
6 4 7 5 7 '7 6 
* 
j 4 1 l2 19 20 27 35 
D 
719 
1 
2 
6 
1 1 
3 4 
5 7 
2 2 3 5 
3 4 4 6 
7 5 6 7 
j 5 6 13 21 17 31 33 
D 7:n 
j 
D 7as 
1 
2 
7 
5 
1 
2 
7 
1 1 
3 5 
4 6 
7 11 
1 1 
3 4 
5 6 
2 2 3 4 
4 3 6 5 
6 5 7 7 
* 
1 6 23 31 33 
2 2 3 4 
3 5 6 5 
4 6 ~r 7 
* 
j 4 7 12 16 24 25 32 
mrl 1 2 2 3 4 3 4 3 5 6 5 
5 7 4 7 7 6 
j 3 6 15 18 22 30 32 
j 
D 
7zs 
1 
2 
5 
3 
1 
2 
5 
1 1 
3 6 
4 7 
9 11 
1 1 
3 4 
7 6 
2 2 3 4 
3 4 5 5 
6 7 7 6 
18 22 2 6 35 
2 2 3 5 
3 4 4 6 
.. 
7 5 7 b 
* 
j 5 7 11 18 20 28 35 
D 
72e 
1 
2 
7 
1 1 
3 4 
5 6 
2 2 3 5 
3 4 4 6 
6 5 7 1 
* 
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j 3 9 11 16 25 29 33 
1 1 1 2 2 3 4 
2 3 4 3 6 5 5 
5 7 6 4 7 6 7 
* 
j 5 0 13 8 1 20 30 4 3l 
1 1 1 2 2 3 4 
2 3 5 3 4 5 6 
7 L~o 6 6 5 7 7 
* 
Using the fourteen estimated Y(3)j's and the observed Y(3)j's from n21, the 
formulas for estimating parameters which were used with n35 may again be used. 
This results in the following vector of estimates: 
... 49 -
* 
* 
1 1 1 1 1 1 1 1 1 1 1 1 1 .... 1 1 1 1 l 1 1 1] y ~(3) (S)S 
·''- 8 8 8 1 -6 1 )1 -6 -6 -6 -6 1 -6 e af 1 1 1 1 1 1 1 1 Y<s>4 
ctJi 8 1 1 1 -6 1 1 -6 -6 1 1 8 1 8 1 -6 1 -6 1 -6 1 Yes) s 
ci' 3 -6 i 1 8 1 1 -6 -6 1 l 8 1 -6 1 -6 1 1 8 1 1 -6 Y(s)s 
a: 1 1 1 -6 1 1 -6 1 8 -6 8 -6 -6 1 1 1 1 1 1 8 1 -6 Y(3)? 
Jf_ 35 
1 -6 as 1 1 1 -6 -6 1 8 -6 1 1 8 -6 1 1 8 -6 1 1 1 Y<s> 9 
c4;' -6 8 -6 -6 1· 1 1 1 1 -6 1 1 1 1 "I 8 -6 , .. ~ " Y(s)ll ... ..L. ..L. -o ~_I cJl l 1 -6 1 -6 -6 8 1 1 1 1 1 -6 -6 1 8 1 1 1 -6 8 Y(3) 12 
t3t•:a 2 6 2 1 1 -4 -3 0 -5 1 0 -3 -9 1 -5 -1 0 5 5 0 1 Y(3) 13 
t31ts 0 1 -3 2 2 6 1 -5 -4 -4 1 1 0 5 1 0 -5 -3 0 1 5 Yes> 1e 
t3f4 1 -4 1 6 -3 -5 2 2 0 -3 -1 5 1 0 0 -5 5 1 1 -4 0 Y( s) 1? 
t3l's 6 -5 -3 -4 2 0 1 1 2 5 -5 1 -3 -1 5 0 1 0 0 1 -4 Y(s)le 
f3f6 -5 2 1 0 -3 1 2 -4 6 0 5 -4 1 0 0 1 -1 1 -5 5 -3 Yes) :ao 
_v_ 
-4 t3i? 0 2 -5 1 2 -3 6 1 1 0 0 5 -5 1 5 0 -4 -1 -3 1 Y(3) 22 
~~ 3 = 1 -4 1 -3 0 1 5 -1 0 6 2 2 -5 -3 0 -5 -4 1 1 5 0 Y(3):a 5 
~-4 
-3 1 0 -4 5 0 1 1 -1 2 -5 1 6 2 -4 0 1 0 -3 -5 5 Y(s)~? 
~>:.. 
f35s 2 0 -4 1 -5 5 0 0 1 -5 6 -3 2 1 l 5 -3 -1 -4 0 1 Y(3)so 
, .. 
1 2 -5 0 0 l -4 0 0 -4 2 1 -3 6 5 -5 1 -1 -3 riis 5 l Y(s)sl e ~· 1 
-3 -5 6 5 -1 -3 l -5 5 -4 1 l 0 2 2 0 1 0 0 1 -4 Y(3)3Z 7 !5 
t3ii' 4 0 1 0 2 -4 0 -5 1 5 2 1 -5 0 -4 5 6 1 -3 -3 1 -l Y<s)s3 
l3iJs -5 5 1 -3 6 -5 -1 5 -3 0 2 -4 1 0 0 1 2 1 l -4 0 Y< 3 > 3 s 
~6 -1 -3 5 1 1 -4 0 0 l -5 -3 6 5 1 -5 2 0 2 -4 0 1 
* ~? 5 0 -4 1 -5 2 0 0 1 1 -3 0 -1 1 1 -4 6 2 5 -3 -5 
t3fs -4 0 5 1 1 -1 0 -3 1 1 0 0 2 -5 1 -4 -3 5 2 6 -5 
tlfe 5 -3 -1 -5 1 5 6 -3 -5 1 0 0 -4 1 l 2 0 -4 2 0 1 
f3.t? 1 5 -5 0 0 1 -4 2 0 -3 5 -1 -5 6 -3 1 -4 1 1 2 0 
~6 0 1 0 5 -4 0 -5 l 2 -1 1 1 -3 5 -4 -3 1 0 6 -5 2 
* t3s? 1 -1 1 0 0 1 5 -4 -3 0 -4 5 1 0 -3 1 2 -5 -5 2 6 
~7 0 1 0 -1 5 -3 1 1 -4 5 1 -5 0 -4 2 -3 -5 6 0 l 2 
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Table 5 is the analysis of variance table for n21• The indicator function 
IDa 1 (h1h2h3) is one if the block (h1h2h3) is in o21 and zero otherwise. 
Source of Variation 
General Mixing Effect 
. ~o:~l) 
Bi-specific Mixing Effect 
(~lha) 
Total 
Table 5. Analysis of Variance 
... 
---..:··--- ~~-·· ·-"").,, ss 
1 21(~-b))2 
5 6 7 
6 E I: I: I~ (h1h2h3 )(~ + ~ + ~ ) 2 hl =1 hz =hl +1 h.3 =h3 +1 ~l l 
VII. Appendix 
Minimal treatment designs for estimating bi-specific effects: v = number of ~ 
agents; n = number of agents per treatment. 
v n 
j . 3 4 5 6 7 9 ll 12 13 16 17 18 20 22 25 'Z"( 30 31 32 33 35 
7 3 
1 111 1" 1 11 1 11 1 21 2' 2 2 IJ 21 ~ .... I 3 I. • 5 .._ ., .) .) q. 4 
2 212 3 313 4 4 5 3 3 3 4 4 6 4 5 6 5 5 6 5 6 7 4 5 7 6 7 6 4 5 6 5 7 7 6 7 7 6 7 7 
j 1 3 4 5 6 9 11 4 6 B 1 1 1 19 20 23 2 4 25 'Z"( 29 _30 31 32 33 
l 1 1 1 1 1 1 1 1 1 1 1· 2 2 2 2 2 2 3 3 I 3 
7 4 2 2 2 2 2 2 3 3 3 4 4 5 3 3 3 4 4 5 4 4 4 3 3 3 4 4 5 4 5 6 5 6 6 4 5 5 5 6 6 5 5 6 
I~ 6 7 5 6 1 5 6 7 1 7 7 7 6 1 6 7 7 6 7 7 
( j 1 8 19 22 21 36 45 48 52 6o 67 ~,3 Tr 78 82 90 95 
. 
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 
2 2 2 -2 2 2 3 3 3 3 4 4 4 4 4 5 5 
3 3 5 6 7 10 5 5 6 8 5 6 7 7 8 6 8 
4 11 9 'l 8 11 7 I 10 9 I 10 8 9 9 10 11 11 9 
j 104 106 120 121 137 139 143 156 159 162 168 172 177 180 
l 1 l 2 2 2 2 2 2 2 2 2 2 2 
6 6 9 3 3 3 3 4 4 4 4 5 5 5 
7 8 10 4 6 7 8 6 6 7 9 6 7 8 
11 10 ll 5 10 8 9 8 ll 10 ; 11 I 9 10 10 
11 4 
j 181 192 199 205 219 220 223 232 237 243 247 249 256 261 
2 2 2 3 3 3 3 3 3 l ~ 3 3 3 4 5 6 7 4 4 4 4 5 5 6 6 7 5 
8 9 9 5 7 8 9 7 8 
116 
8 9 10 6 
11 10 11 6 ! 11 9 10 9 11 11 11 11 7 
j 273 275 281 288 296 305 310 316 326 330 
4 4 4 4 5 5 5 6 7 8 
5 5 6 7 6 6 7 7 8 9 
9 10 8 8 7 10 9 8 9 10 
10 11 10 11 8 11 11 9 10 ll 
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v n 
- -
j 1 ~r 19 28 42 52... 59 65 68 84 93 112 113 116 126 129 
1 1 1 J,1 1 1 1 1 1 1 1 1 1 1 1 1 
2 2 2 •. 2 ~ ·2 ~ ·2 2 . 2. 2 3 3 3 3 3 3 
3 3 3 3 ·;4 5 ;:.~5 6 6 9 4 5 5 5 6 6 
4 4 1 10 1 6 :";8 7 7 10 6 7 7 8 8 9 
5 11 8 11 10 9 9 8 ll 11 9 9 10 10 10 11 
j 150 152 157 161 168 169 179 185 210 211 226 243 249 254 
1 1 1 1 1 1 1 1 1 2 2 2 2 2 
4 4 4 4 4 4 5 : 5 8 3 3 3 3 3 
5 5 .6 'br 7 7 6 ' 6 9 4 4 5 6 6 
8 8 .. ir··· 8 8 9 7 10 10 5 8 8 7 9 
9 11 9 10 11 10 11 11 11 6 9 ll 10 10 
11 5 
j 257 274 287 288 290 296 309 313 316 320 337 349 364 367 
2 2 2 2 2 2 2 2 2 2 3 3 3 3 3 . :4 4 4 4 4 5 5 5 5 4 4 4 4 
~ 5 6 6· 
, 
7 6 7 7 8 5 5 7 7 ;;0 
1 8 a· ~· 9 9 9 8 9 10 6 9 8 10 
9 10 10 11 11 11 10 10 11 11 7 10 11 11 
j 368 378 386 397 399 407 416 426 442 457 462 . 
3 3 3 3 3 4 4 4 5 6 7 
4 5 5 6 '6 5 5 5 6 ·r 8 
·a 6 
. Y .. 7 8 6 6 9 7 8 9 
9 8 ·-:~'9. · .'lO 9 r( 10 10 8 9 +O 
10 11 11 11 11 8 11 11 9 10 11 
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v n 
1 1 1 1 1 1 1 i ..:~ 1 1 1 1 1 1 1 1 1 1 1 
2 2 2 2 2 2 2 2 2 2 3 3 3 3 3 3 4 4 4 
3 3 3 3 5 5 6 1 7 11 5 5 5 6 6 8 5 5 6 
4 4 8 12 6 8 10 8 8 12 7 7 10 8 9 10 8 9 9 
5 13 9 13 10 11 11 9 13 13 9 12 12 11 11 12 11 13 11 
1 1 1 1 1 1 1 '1 1 1 1 2 2 2 2 2 2 2 
4 4 4 4 4 5 5 6 6 6 10 3 3 3 3 3 3 4 
6 1 7 1 1 6 9 7 7 8 11 4 4 6 6 1 8 6 
9 8 9 10 10 9 10 8 12 10 12 5 9 7 9 11 9 8 
12 11 12 11 13 10 13 13 13 12 13 6 10 ll 12 12 10 10 
.. 
2 2 2 2 2 2 2 2 2 2 2 2 2 3 3 3 3 3 
4 4 4 4 4 5 5 5 5 5 5 6 7 4 4 4 4 4 
13 5 6 6 1 1 9 6 7 7 8 8 8 'l 9 5 5 1 1 8 
8 11 9 10 11 9 10 10 9 10 11 10 11 6 10 8 10 12 
13 13 12 12 13 12 12 13 12 13 12 11 13 1 11 12 13 13 ! 
3 3 3 3 3 3 3 3 3 4 4 4 i 4 4 4 5 5 5 
4 5 5 5 6 6 6 6 7 5 5 5 5 6 8 6 6 6 
9 '{ 8 8 7 8 9 9 8 6 6 8 10 8 9 1 7 11 
10 9 10 ll 10 11 10 12 11 1 11 9 11 10 12 8 12 12 
11 11 13 13 13 13 13 13 12 8 l2 13 12 12 13 9 13 13 
5 6 7 8 9 
rr ~( 8 9 10 
9 8 9 10 11 
11 9 10 11 12 
13 10 11 12 13 
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